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You can downolad OK Geometry at

www.ok-geometry.com
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Hereby shown material (and more) is in

ADG 2023 section
Unzip and launch OKGeometry 19 4.exe
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OK Geometry - A tool for
observing dynamic constructions

74 OK Geometry Plus: all.pro - O e
File Configure Command: Help Developmant Cyci | Safe ..‘5 1|u|x ulyl—o— i W
|
Task | Sketch | Observe I a | Project ‘ Report J @
v Comment L 1 ". ! .-’ l I
v Treaiment Advanced o

Observed properties

® points (27) o
® collinear points (3)

® trapeziums (18)

® equilateral triangles (3)

¥ isosceles triangles (12)

¥ congruent triangles (11)

= similar tnangles (19)

¥ congruent segments (4)

¥ congruent sagments (relation) (9)
® ratio of distances (94)

® parallel lines (3)

® congruent angles (71)

® congruent angles (ralation) (920)

special ratios of angles or supplements (1)
® area of tnangles (21) (
® area of tnangles (relation) (78) A
® ratio of areas of tnangle (60) 24
® poants on 3 crcle (4)
® tangent circles (9)
¥ tangent cucles/lines (18)
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OKG -.A tool for observing dynamic
constructions

3 working modes Easy and Basic level available in
¢ Easy (lower * English
secondary level) Y e
) * [talian
[
Basic (upper L et
secondary level) . Slovenian

* Plus



OKG - A tool for observing dynamic
constructions

T4 0K vj-mw.rwo (m] x
Fie Conbpurd] Commands Heip Development Cyet | Satn njllli.’l?ﬂ ,-’- O )
el Bl bk fd

Eon

Tat  Gensral optoes Basic
CONSINEIes propetes

.3[

Load configuration e s
Save condguration .'K
Recover las! session perties Al

» ponts (27)

# collnear ponts (3)

» trapeziums (18)

» equiateral trangles (3)

» 1s05celes tnangles (12)

» congruent trizngles (11)

» sarndar tnangles (19)

® congruent segments (4)

» congruent segments (relatian) (9)

» rato of distances (94)

» paralel Ines (3)

» congruent angles (71)

# congruent angles (retation) (920)
wpecial ratas of angles or supplements (1)

» area of tnangles (21)

» area of tnangles (relation) (78)

» ratr of areps of triangle (60)

» poings on a circle (4)

» tangent crcles (9)

» tangent crcles/ines (18)

» multiple intersections (32)

» congruent circumcircies (10)

# congruent circumcircies (relaton) (9)

» ratos radius - distance (324)

» rabns of iInrade s - dictane e (24R) v

emsimmmmm&mmmmnngmnmmammmm‘[’ 4

-
v

| Help <
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Simple observation of dynamic

constructions
;; | il o Observe
T —| | properties

of a dynamic
construction

e ‘Restricted’
observation

* Observing
algebraic
relations




Observing imported constructions

 ABC- atriangle

e D - base of A-
altitude

e E— base of B-
altitude

* F—midpoint of DE
e G- midpoint of AB

Observe the properties of
this configuration.



Observing imported constructions

®0

 ABC- atriangle

e D - base of A-
altitude

e E— base of B-
altitude

* F—midpoint of DE
e G- midpoint of AB

Observe the properties of
this configuration.



O Ao
File EGt View Options Tools Window Help

]

A ll /i WA A
!;‘A;! ’/v :kT'_u b' o) ®v.< ®é'f| 4,
» Algebra x
A=(11,-2.18)

B = (6.96, -2.28)
C=(546,528)
b'=9.93

a'=77M

c'=8.06

t1=30.39

f: 1.5x - 7.56y = 14.83
g: 6.56x + 7.46y = 28.65
D = (6.64, -0.85)
E=(2.37,1.76)

h'=49

F=(4.5, 0.56)

G =(2.93,-2.23)
a=771

b=9.93

c=8.06

m=49

n=32

P=30.39
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Importing constructions from DGS

Cabri
Geometre

\

J

7

Cinderella

N\

7

GeoGebra
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Observing imported constructions

o

Té OK Geomesry Pha: all pro

| y
‘f ‘M"'.Mwﬂﬂs g Development AABC Cyel | setw |0 ..i. | O ~

Task ‘ sumh’ Oburvo‘ 4 | Project Report | ST jie +
> e NI I ACG COF | 1l

A Tieatmen 5

Consder only ports

Irvarisnt cycle 1

Irvanant cycle 2

Level of observation analyss Advanced

r
|

A Observed properties

8

® points (9)

» colinear ponts (4)

» 1sosceles tnangles (5)

® gt trsangles (8)

# congruent thangles (1)
¥ samdar tiangles (4)
ABC CDE

ACD BCE DFGIEFG

|

B ae

m

» congruent segments (2)
# congruent segments {relation) (5)

» rato of distances (13)

» sum of lengths (relation) (10) ;
# congruent angles (13) A G 8
® congruent angles (relation) (9)

» specisl rabos of angles or supplements (1)

# xoa of tiangles (9)

» area of tnangles (relation) (18)

» ralo of areas of trnangle (49)

8 points on a cecle (1)

[ e es SRS e @S
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Observing imported

4 OK Geometry Pha: allpro

constructions

Fie Confpure Commancs g  Development AABC Cyel wlxlsl sl o .
Task | Sketch | Observe | 4 | Project | Report ent g +
- ' " 1 2 1 E: ABGHAD-~ACE#FG-AD#DG-BERDEF [

Consder only ports

|| Ivariant cycle 1

irvanant cycle 2
|| Level of observation .'1r.alv~:.~;\

x ABG#ACE~ACEZEG~AD#FG-BCDEDE

pertes not examimed
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Observing imported constructions

o

| 4| 4

\

A G [ A’ G 5

2 Isosceles triaangle GDE T Congruent right triangles ¢ Similar triangles

A G B :/A E. E.
bp o $o
\

\

5 Congruent angles 6 Same arva 7  Points on a circle

3]

B 8 b\
8 Tangent line 9 Multiple intersections 10 r1**2+12%°2=r3'"2
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Understanding properties

OKG considers the displayed objects and
objects passing through labelled points.

Advice: label 3-12 relevant points.

OKG considers only angles between
lines (angle = supplementary angle).

OKG ignhores trivial congruences
of angles between lines.




Understanding properties

OKG considers the displayed objects and
objects passing through labelled points.

Advice: label 3-12 relevant points.

OKG considers only angles between ................
lines (angle = supplementary angle}. e o
OKG ignores trivial congruences ./

of angles between lines.



Models of geometry

Static model Stochastic dynamic model
Free point A(3,5) Free point A(3,5) ->
_______________ ‘ {(X]_Iy]_)l (leyz)r I(Xklyk) }

Dynamic model

Free point
A(3,5) -> A(x,y) e o
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Randomisation of constructions

GeoGebra Instance of construction
A B
B=(0,1) .
|C=(0,0.5)
@ q
i .I
A=(0,0) E=Midpoint(A,D) D=(1,0) -
L B | X ¢
(O]
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Advanced observation

1@

* Howto
construct the
triangle ABC
from known
positions of
points C, F, G.

2[3]=]z]> |&|s]ele

2[2[3]+

o
)




Advanced observation

1stisodynaNe¢ /7 420
point of CFG\_
nd isedynamic
point of CFG
O O O
A G B

Zlatan Magajna
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Observing algebraic relations

P = Area(A,B,C)

a = Distance(B,C)
b = Distance(C,A)
c = Distance(A,B)

m = Distance(D,E)
n = Distance(F,G)

Note. Use explicit
measurements.



Observing algebraic relations

Configure Commands | Help

Task ...

Sketch

Observe

Project

Report ...

Slightly shake the construction F&
Perturbate points ONIOFF  F7
Help OM/IOFF  FB8

Construction steps ..

File

Task s

Setreference triangle ...
Triangle analysis
Manage generic construction ...
Observe formulae
Invariants under dragaging ...
Compare properties ...

Rep

o

Simple

e
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74 Observe formulae - O

Simple - observe relations

Mod -
c between measured quantities

Select variables (up to 6)

¥ Transform variables MNotation compactil
[~ Stop at first Strength 2 il

Observed formulae can be incorrect or missed !

>

Ref. triangle = ABC; Observed formula for: a,b,c,m

(-1/2y7a"2%c + a*b*m - 1/27°h"2%c + 1/27°c"3 =0

Advanced
Triangle Dond
2 2 2
cela +b -c)
m =
2.a-.b bserve | Help ‘ Exit |

Zlatan Magajna




Observing algebraic relations

 Consider several instances of a construction to
obtain several instances of parameters (x,, x,,

- Xp)-
* Solve the a system of linear equations

n n ny —
Z anl.nz ..... nkxl 15]":2 z ---xk k=10

nq +H2+"'+Hk<:r

* Technical problems...



The principle of simple observation

A construction

~ -z

N

Random realisations
(rand_figl, rand_fig2, rand_fig3,....)

~ -

Common simple numer. properties
(eg. AB=AC)

~ -

Textual elaboration for properties
(eg. ABC is isosceles)
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A ‘difficult’” object

« ABC-—an acute triangle

 k=k(D,B)— circle with
diameter BC
k'’ — a circle inscribed in

the ‘triangle’ bound by
AB, k and CB.

Analyse the circle k'.



An ‘implicit’ object

e ABC-—atriangle

* P—apoint

 AA’, BB’, CC’ — Cevian
lines of P in ABC.

« AA'=BB'=CC’

Investigate!
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An optimisation problem

ABC — reference triangle
P — point on plane that
minimises
|AP|+|BP|+|CP|.

p Analyse the position of
such a point P.
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A nice problem

How to inscribe 3
c congruent squares
into a given
triangle ABC as
shown in the
figure?



How to observe?

C

B

ADG 2023, Belgrade

Zlatan Magajna



OKG Sketch Editor

* Configuration vs. construction

4

* OKG observation requires (several) ‘exact
configurations.

* Sketch Editor creates
— Constructions
— Difficult objects
— Implicit constructions (configurations)
— Configurations by optimisation



OKG Sketch Editor

o x|

Fite  Contigure LABC Cyel | sate (0|8 '%.Ilk"j—'}— \

— BT oy pe—g—
V';' 7 ' . <;"" -A‘ S *jj - ‘ - | Pick a command

q

Treatment Advanced

Transformabons & Parametery

15
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OKG Sketch Editor — common buttons

o Shape objects ‘E[ Safe objects
‘ g | Hide objects ait Il Alternative objects
x | Delete objects & | Anchor
= | (Scenes,...) | (Mmark unknown)
cen| (Generic view) = ||| Drag point
c | Label points [1 || Zoom view ... A=l
— ON/OFF
« | Point, Intersection, Midpoint [ * | Move view
/I | Line, Line 2 obj < || Undo
E Circle, Circle 3 obj, ... > Redo
== | Segment, Perp.seg., Polyline ® || Redefine
< | Angle, Various decorations & | (Declare cyclic)
Tx | Text A7V (Triangle analysis)
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OKG Sketch Editor —
special commands

Safe ON When necessary, segments are
treated as lines, arcs as circles.

Alt (try mouse Press repeatedly for alternative

Alt
scroll) solutions.
& | Anchor Press repeatedly for different
— (otrymouse | ways of representation of
scroll) objects,

.. | Line2 objects Line defined by 2 objects in d
+ Alt (try terms of ‘passing through’, ’is
mouse scroll) parallel’,’is tangent’, ’is radical

axis’.
o Circle 3 Circle defined with 3 objects in
—I objects terms of ‘passing through’, ‘is
+ Alt (try tangent’.

mouse scroll)




A ‘difficult’ circle

« ABC-—an acute triangle

 k=k(D,B)— circle with
diameter BC
e k' —acircleinscribed in

the ‘triangle’ bound by
AB, k and CB.

* Analyse the circle k.



A ‘difficult’ circle

1*ra*a+ra*b + ra*c + 1/2*a”2 -
1/2*b"2 + b*c-1/2*c*2-S=0

1*ra*a+ra*b+ra*c+1/2*a"2 - a*ri-
1/2*b”2 + b*c - b*ri-1/2*c”2 - c*ri=
0

1*ra*a*(r*cos(A)) + ra*b*(r*cos(A)) +
ra*c*(r*cos(A)) + 1/4*a”3 +
1/2*ar2*(r*cos(A)) - 1/4*a*b"2 -
1/4*a*c”h2 - 1/2*b 2*(r*cos(A)) +
b*c*(r*cos(A)) - 1/2*cA2*(r*cos(A)) =
0

(-1/2)*ra”2*(r*cos(A)) -
1/4*ra”2*(r*cos(B)) -
1/4*ra”2*(r*cos(C)) + 1/4*ra™2*ri +
ra*(r*cos(A))*ri + 1/2*ra*(r*cos(B))*ri
+ 1/2*ra*(r*cos(C))*ri - 1/2*ra*ri’2 -
1/2*(r*cos(A))*rir2 =0
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An optimisation problem

ABC — reference triangle

P — point on plane that
minimises
|AP|+|BP|+|CP|.

Analyse the position of
such a point P.




An optimisation problem

C
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A nice problem

How to inscribe 3
c congruent squares
into a given
triangle ABC as
shown in the
figure?



A nice point

* Y354 = Local
coordinates x =1/2,y =
1/2; Object(s): A,B

* Y360 = Projection onto
line of point; Object(s):
AB,C

ADG 2023, Belgrade Zlatan Magajna
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A nice point

Hypothetise

74 Observe formulae — O >

Triangle - express a quantity (ratio)

Mode . -
in terms of triangle parameters

Variable, quantity or ratio

| m

[ Transform variables Motation eﬁendedil
[ Stop at first Strength 4 il

Observed formulae can be incorrect or missed !

Ref. triangle = ABC; Observed formula for: m,rri SW. 5

(-sgrt(1/2)"m=ri*SW + (-sqrt(1/2))* m*ri*S + r’ri

Ref. triangle = ABC; Observed formula for- m,ab,c ri

(1/2y"m*a"2 + m*a*ri + 1/2*m*b"2 + m*b*ri + 1/
2"m*ch2 + m*cri + (-sgrt(1/2)y*a*b*c = 0

Done

Observe ‘ Help | Exit ‘

the size m of
squares in
terms of
common
triangle
guantites.




An ‘implicit’ object

Equal_AA BB CC = False

e ABC—a triangle

* P—apoint

AA’, BB’, CC’ — Cevian
lines of P in ABC.

(AA’ = BB’ = CC’)

Investigate!



An ‘implicit” problem

Equal AA BB CC=True

~* ABC-atriangle

* P—apoint

 AA’, BB’, CC’ — Cevian
lines of P in ABC.

« AA'=BB’'=CC’

~ Investigate!



Triangle geometry

Observe objects wrt. reference triangle
Drawing triangle objects

Glossary of triangle objects

Observing algebraic relations in a triangle



Triangle observation

Triangle centre analysis of P Reference triangle: ABC B

Centres X1 -x| 3500 2| ™ Short centre names Morol Extonsivol Contlnuo|

The point P contains these ABC related finite points: (1 items, unreliable) W
X13:1st ISOGONIC CENTER (FERMAT POINT, TORRICELLI POIN1
The point P touches these ABC related circles: (1 items, unreliable)
Lester circle
The point P touches these ABC related lines: (1 items, unreliable)
Fermat line
(Possibly transformed) P lays on these ABC related conics: (2 items, unreliab

P on Evans conic
P on Kiepert hyperbola
v
< >

asasipbans s oun SR : Q Put something in block and right click or use: Show Whatls Glossary
| (Foght chck o the descrytion 10 sctvate command and more )
i.;.(..'..- Traanglo centres | Feomat powd (158 mogoree port) 5 Qa'

ihma point (138 Isogomic poit) X(13)

; - c

1 (Ref tnangie) \ . |
P triangle ASC ket CBA' be e equitateral triangle \ A |
jconstructed catwardly on 8C Define &' and €' cycicaly The
1132 lsogonic point X of the tnangle ABC 15 the posnt of .
leancurrence of the ines A%" BE' and CC° Thes is the \ Lester circle
mbering centre X(13) .
| The tangle ABC (not shown) s caled e Fermas outer 1
[triangle of ABC 1
11 1 the angles of AABC do not exceed 120° then the 15t AT

jsogone port contdes with the Fermat polet (e e pourt X
!Mmmmdmmnmxmmmﬂ
[ef the trangle

Retatences

[Omstet L Transiamos of Be rdetng s Gossmy i Sarpientcy
NS A Aot 0y - ANV AN DA Lirvigea s ey 00
|

Mimoetng C Encassesss of Trasge -

o

Evans conic Fermart line
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Triangle centres and transformations

* >50.000 centres
e >30 transformations

e ~500.000 transformed
centres

* millions of lines connecting
the centres
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Triangle objects

~ 230 considered triangles —> ~ 30 considered lines
>2000 lines, >6000 circles ~100 circles, ~40 conics, ~1300 cubics
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Triangle centres and transformations

Triangle transformations
(e.g. isotomic conjugation) Triangle-Point objects
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Triangle objects

Tnangle derrved objects n
Output: © Line ¢ Circle ¢ Triangle © Conic ¢ Cubic I™ abc

. ' Choose from
Advanced Special | Generic F1 K001 NEUBERG CUBIC ~
. : Ki THOMSON CU
Pick a corf Triangle centres ... J K% MchY CUBICB.C
Triangle derived objects _. (004 DARBOUX CUBIC
K005 NAPOLEON CUBIC

Tr!anglefPo!nt der_lved o_bjects K008 ORTHOCUBIC, pKXB, X4)

Tnangle/Point/Point derived objects .. K007 LUCAS CUBIC, pK(X2. X69)

Objects by triangle centres ... K008 DROUSSENT CUBIC v
- S . < >

General triangle dgrwed point ... ription

Various constructions ... (Right click on the description to activate command and more. )

]
[Special | Triangle derived objects | | KOD4 DARBOUX CUBIC

Set reference triangle ... ‘
K004 DARBOUX CUBIC

A triangle . . ‘ 1. (Ref. triangle)
Declare cyclic objects (Given is a triangle ABC. For a point P let A'B'C’ be the pedal
Cyclic construction triangle of P in ABC
L {The Darboux cubic of ABC is the locus of points P for which

Observe formulae in triangle the pedal triangle A'B'C’ of P is perspective to the triangle
Centre analysis /ABC

._Darboux cubic is a seif-isogonal cubic with prvot X(20)

J‘Ramm'n':m; v

Filter
| Go | Comments
¥ See picture OKJ Cancel‘imoﬂcmsmlcbonj
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Glossary

Glossary n

Enter approximate entry

pedal |

sry
OK | Cancel Sommands G Special (triangle) ~ ETC © CTC

ltem on ‘pedal’ or similar
Pedal (triangle) o
Antipedal (tnangle)
Pedal circle
Apedal conic

Antipedal line* (line)

Pedal antipodal perspector

pedal/Cevian similarity point (X1138) v

< >
Description :

(Right click on the description to activate command and more...)

Special | Various constructions | Point | Simpedal point o]

Simpedal point
1. isttnangie
2. 2nd tnangle
Given are triangles AABC and AA'B'C’. There exists a point
P so that the pedal triangle AA"B"C" of Pin AABC is
(directly) similar to AA'B'C’
Explain term

The point P is called the simpedal point of Al Trangle glossary

AABC
: Copy description to clipboard
Note. AA'B'C’" should not be inversely simdar ! Execuite command (i Sketch editor)

New search
| |

v See picture OK | Cancel I Import construction
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Triangle objects

* Given s a triangle ABC.

 Draw the Euler line of
the extouch triangle of
ABC.




Congruent Cevians

Stoner circumelipne (TS001)

Descrighion

~

(Right chck on the descripbon o activate command and more ) C

pecad | Traanghe Garr

ved olyects | Come | Stewes

:Steiner circumellipse

1. (Ref tmangie)

The Steiner circumellipse of a given triangle ABC is the
lonly elipse with tnangle's centrold G as centre and passing

shrough the three vertices of the thangle

The pencipal ans of Stener cecumelipse s called the

Steiner axis

The foci of the Stemers elipse are caled the Bicart points
and form a becentine par P116, U116

Ralecencan

Douliet L Transiado
PRY Swww SOuBeLind

Cemers ™ nap Tacy

------
'''''
[

pamienng C Encyth

Reference triangle: ABC

Centres %1 -%|  168342+hic il [T Short centre names Morel Extensive | Continuel

Triangle centre analysis of P

Momdening C_Trang
Conters " Mg Aaculty

wane
..........
o
ot
ot
O

{GiberL B M2 DM

Lola3a

ot
....
......
......
-----
. "
...................

ADG 2023, Belgrade

The point P contains these ABC related finite points: {1 items, unreliable) 2

P116:  1st REAL FOCUS OF STEINER CIRCUMELLIPSE
Transformed P matches these ABC related points: (1 items, unreliable)

P =P116: 1st REAL FOCUS OF STEINER CIRCUMELLIFPSE
The point P touches these lines of the triangles related to ABC: (4 items, unreli:

Steiner axis of Medial triangle

Steiner axis of Antimedial triangle

Steiner minar axis of Neuberg Triangle

Steiner axis of 1st Brocard triangle
Mirroring analysis of P for ABC related lines: {1 items, unreliable)

F = Mirror wrp to Steiner minor axis of U116:  2nd REAL FOCUS O
The point P touches these ABC related lines: {1 items, unreliable)

Steiner axis
The point P lays on lines through these finite centres of ABC: (1 items, great ca

¥2:CENTROID
¥4 241 -F¥SIMI ICEMTERCIR, |

Zla

Line:
r D neiee v
>

Fut something in block and right click or use: Show Whatls Glossary



Example of a triangle locus

e AB’,C’ are the mirror
images of a point P in
the sides of triangle
ABC.

* For what points P are
the lines AA’, BB’, CC’
concurrent?

oc



Example of a triangle locus

e A B ,C’ are the mirror
images of a point P in
the sides of triangle

Triangle centre analysis of *  Reference triangle: ABC

Centres X1 -H| 3500 3 I Shart centie names  More ‘ Extensive ‘ Continue ‘

The cubic contains these ABC related finite points: (23 items, quite reliable)
K1INCENTER
H3-CIRCUMCENTER
X4-ORTHOCENTER
X13:1st ISOGONIC CENTER (FERMAT POINT, TORRICELLI POINT
K14:2nd ISOGONIC CENTER
K151t ISODYNAMIC POINT
KT4:150GONAL CONJUGATE OF EULER INFINITY POINT

The cubic * appeé.r-s to coincide with ABC triangle cubic: (1 items, quite reliak
(*)=K001 NEUBERG CUBIC (?)

Put something in block and rght click or use: Show Whatls Glossary

ADG 2023, Belgrade Zlatan Magajna



Cyclic constructions

ABC — an acute triangle

ka — the inwards
semicircle on BC

ka’ — the smallest of
circles touching AB, AC,
and (externally) ka

kb’, k¢’ — defined cyclically

Investigate the points of
contact of ka’, kb’, k¢’ with
the sidelines of ABC.



Generic constructions

Panview | s
e @Generic constructions are  Awees speca QL_ F1

GPoint | J
~  Gline r -

constructionally "

GParameter

isomorphic families of i I

Trnangle A-point

Tnangle on segment

dynamic constructions. Quodaeralonsegment

Tniangle objects

Attach to object

* Generic constructions racn gt corsrcion =
appear and behave like |
ordinary constructions, in
which some construction
steps consist of rules (i.e.
groups of isomorphic
operations).

All resulting constructions
can be visualised, analysed,
checked for properties, etc.
at the same time.



Generic constructions —
constructionally isomorphic configurations

1. ABCD - a trapezium
2. E-ACNBD

F, G, H, | incentres of
the 4 triangles

(ABE,BCE,CDE,DAE)
1. Quadrilateral 2 3. incentres =
Random, incentre, centroid,
bicentric, cyclic, circumcentre,

equidiagonal, ....) orthocentre, ...
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4

Shaded 4-

f:& 4_@ @ |atera|5 dare
cyclicin 43
cases out of
485 checked,

o e.g.:
B& E"‘g * incentres for

bicentric

quadrilaterals,

guadrilateral...

e 9-point centres for
2 &ﬁ & a Eﬂ,ﬂ . %ﬁé' Pytagorean
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Projects

* You can collect i
constructions, part """"" e
of constructions, =
results, etc. intoa || =
project.

* A project may
contain related
constructions,
observed
properties, a proof

b ane | Emphianes | Bmach | Latwts | Angies | Ot

of a claim, a proving e e

task, etc.

ADG 2023, Belgrade Zlatan Magajna
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Saving properties

4 O Gameverry Paac by aengiePragect poe

e Costgus Commanis Moy

Task Shasch Observe |

]
- Treraet etiweced

Observed properties
WO RN T
* CONgrUesT segments (retlioo) {5}
=100 of Gstances (13)
* ST f benghs (redation| (30)
congruont angles (13)
 ABGOACE AL GADSY G- BCLatE)

TE R R E s

r— ABCRAD - NCESE G- ADNOG- BEBOE T
ADUSBCD-ACEADEF -0COID0-BEN O
ABOARE - ADROEF - BCOW G- BEVEG

}— AnsaCs-COIDEF

f— ABGACO-CFIOEF

— ACEMD-BCOSSE-DOSFO-ECAF0

BTN AR s T

ey
Acton | Joom | Pan ves
Pan vew
Cvag the wew aroa 19 e Oeseed

poston
Note  To achweve 3 samvtar eflect, woe
» ong (Conmouns) Chek om an empty

APACE I e Constricton

SABC Syt | v

Congruent angles

ABGAACE-ACEFEG-ADSEO-BCDWOEF

" ._;H.;U [i .;),l

+ é
1

g Warning

? texts.

Use anchor b to select angles, position labels or

Use other commands to delete or modify the added objects.

ADG 2023, Belgrade

Zlatan Magajna
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Proving tasks

O

O O
Problem

O g S

O

* Observe properties
e Select relevant properties
e Organise the properties

* Provide deductive
argumentation
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Start Goal

Does a given

problem space

he|p7 o %o _ o ¢
°
Start o ® o ® Goal
® o
o ® o % o
° ® o o ©
°
Start [ ) ® o ® Goal
e o
o ¢ o ® o
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Proving

! c F ¢ 3 3 1 c 3 c [ =
E £ E E E (3
o o 0 D 0 0
A G B A G 8 A G "8 A G 8 A G 8 A G 8
Task Orthogonal knes Orthogonal ines Task
4 5 Gl
c ¢ ¢ n P
13 E £ £
o o D
A\ G /a A G B A G 8 A -
Pont on 8 crcle Congruent segrnents Congruent segments Point on 3 circle
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2 Proof

Definition  Let E be the midpoint of BC.

Claim 1 2CSB=2-2CSD
Argument 1 First, note that S lays on the
bisector of segment BC (since |[SB=[SC]). Let
E be the midpoint of BC. The triangles AEB
and SEC are congruent by sss. Thus

£CSE = £ESB
and consequently

£CSB =2-2CSD.
Claim 2 <CAB = 4CSD
Argument 2 The arc BC of the circle
k(S.A) spans an inscribed angle ZCAB and

tha rantral anala 700QUR Ry a bnmuon thearem

Task

1 Task

Given is a circle with centre S and and three
points, A, B, C on its circumference. Let D be
the intersection of the line AB and the bisector
of the chord BC.

Prove that S, C, D, and A are cocyclic.

Comment:

Zlatan Magajna



e O D e O "o ava »no@® !
L L e e I T e - ]

4

2 Orrhogonal lines

e

4 Fuint on e cierls

3 Corgrrmt segments

7 Ovvhogonal hoes

e 2 D D

N - '.v;\;:lm

-
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L L T R e - ]

Author:  (Fri Aug 25 19:35:00 2023)
Source: C) Users' 2data’ 2z Proj, GeoOkDelo! Beograd nove: ExampheProof pro
ExampleProject.p

1 Taxk

Given:

ABC a mangle

D - base of A-altitode
E - base of B-altitade
F — midpoint of DE

G - mudpoint of AB
Prove:

DE L FG

4 Point on o circle

5 Congrucmt 6 Cangruent
trinngles

Negments 7 Orthogonal lines

Notes
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Importing proofs
JGEX = OK Geometry

R 0tgex  Geometry bapent

foe Lxamples Comstrect Cosatramt Actos Prowe Lemwmas Opbos Help i I
\ . - Tawt | Shown | Otasrve | 4 | Prost e
1 PHL AN/ Y LQACR LT XA DAL LR e e T
TEwORE> v 60O |°' Owaaes ' v i
o B\
t1. F6 1 DE (r24) I 45 A { -

midp (G, DE) (by HYP)

G -

Towe powts ADC
U wWgonwd prame s o C vt AD

T wPupone poope nan of B wno A 2 n \§ i ¢
¥ rebort o Caw % S v
G weipont of O vt b
See  FO 108

I rargrvent sagree i > A

XN

1O -y

\ 1 —yrer gy ingve. g segrErTs
- / \ ‘. Yt -y 1 e '
' 4 E EF (x36) > \ » -
/ W\ 5 g 3
. . / \Y et e
midp (¥, CH) ({by H o o ' 3 = 2
t I3 c gt e |
o .
E 1 EB (by H . !
! W,
B e L LAY et
. gt 4 X o
~—
» e » .
Poor ’ v ’
‘. v - ove | 1
! ! Crromemn | Bwwn | Lot | Aogees | ey e e e
T™m & DA M Fa 3 - Fio Sl faany ie Je8
:( iew
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Multiple representations — Mr Geo
(Wong, Yin, Yang, Cheng, 2011)

Given: Parallelogram ABCD
with diagonal AC
Prove: AABC = ACDA

1. ABCD is a parallelogram  (Given)
o g Parallelogram 10— i Parallelogram
2.-» ABCD is a parallelogram, -, AB // DC ACBD e ACBD
(Def. of parallelogram)
3. ABCD is a parallclogram, -, AD /BC B // DC D /| BC
(Def. of parallelogram)
4.--AB/DC ,.. ZACD = ZCAB(AIL int. anlges)
- ZACD=/CAB ZDAC=/BCA
5.-AD//BC , . ZDAC= /BCA (Al int. anlges) /
6. AC=AC (Reflexive law) -
AABC= ACDA
7. AABC=ACDA (ASA)
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Justification of claims

Point D lays on the circle through ZCSD = ZDSB . Why?

ZC8D = ZCAD . Why? ZCSB=2ZCAB . Wny?




High-level ideas

The thees circies theough A B C throwgh A B.C. and through A'B' C
always maet in & commen gont

a OBserved propedses

| | Grens a trange AABC Let A" B, 30d C be

Fie Configue : =
Tat | swecn | Observe | 4 [ Project Repon || p z
VT Vo 0
mm
Grvon 1 2 thasgle HABC Lt A 5. and C be atetrary powrts cathe =
udes BC, CA and AB ,i

2etitrary poants on the sdes BC. CA and AS
The thioe circles thiough A B.C through A B.C,
#0d theough A" B'.C albadys meet in & common pourt
2 Suategy of the proot
Let P be the mtersection other than A' of the
cirches thiough B.C A" and thesugh CA'E. We
shall prove that P lays on the ciecle thiough
ABC
3 Mdea of the proot
We shall prove that A C_ P, B are cocycic,
that ACPE is # cychc quadslatecal To peove the
shall use the thearem
A quadslatecal is cychc £ and ondy if & non
) el e supp y i
31 Theorem

LA quadeiatecat ABCD is cycic #and only €2s

£00-adacent angies are supp ¥

32 Proot ==
(=) Let ABCD be a cyche quadnisteral. Thas ABCD s
mscrbed in 3 circle, let ts Centrp bo S
Consider the oppposde anghes LA and ZC. These angles

e polemad e e SN e VALY Thes -

e

Labels | Angras | Cobar |

oon was | Emphn
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Chaining elements

Task | Sketch | Observe | 4 | Project Report
v < | > l - l v | Bl 54 i]

Fa Obsenud proparties

" 1 Task :

Given is a circle with centre S and and
three points, A, B, Conits
circumference. Let D be the
ntersection of the line AB and the
bisector of the chord BC.
iz’msregtatolaysonmedrdewm

2 Point D lays on the circle through A S,C. Why?
3 ZCSD=ZDSB.Why?

Icon size | Emphasize | Bleach | Highight | Labels | Angles
! EE

Point D lays on the circle through
AS.C. Why?

£CSD = £ZDSB . Why?

£C8B=2 ZCAB . Why?

ADG 2023, Belgrade
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A D H statements

1 P ooty
Foe Condgure Commandt Hed
Tan | siwn | Observe | 4 | Project Repon
a_<« | > | & | ¢« [Tas3a
’ Task
Let E be the midpoint of BC. 3
1 £CSB=2.2CSD
Al First. note that S lays on the bisector of
segment BC (since |SB|=|SC|). Let E be the
midpoint of BC. The triangles AEB and SEC are
congruent by sss. Thus
ZCSE= ZESB
and consequently
i ZCSB=2£CSD.
H2:-CAB= ~CSD
arc BC of the circle k(S A) spans an

inscribed angie < CAB and the central angie £
CSB. By a known thecrem the inscribed angle <
CAB measures one half of the central angle =
CSA over the same arc. On the other hand £

CSD is also one half of the 2 CSB as shown
H3:The points A, S, C, D are cocyclic.

ider the circle passing through S, C, D
and its arc between Cand D. Notethat Sand A
lay on the same side of the line CD. itis known
that the poins X for which ZCXD = ZCSD lay on
the complementary arc of CD in circle through
S.C,D. Since ~CAB = 2CSD the points
AS,C.D are cocyclic. <

oo | Ootee |

Emphasre | Bach | Highignt | Labwt | Anges | Ste

ADG 2023, Belgrade Zlatan Magajna



‘Three level’ proof

How is angle £CSB related to £LCAB?
Explain !
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Observation and (A)DG tools

?
configuration

?

GeoGebra
Cinderella
Cabri

Sketchometry
Z.u.L
JGEX
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Hypotheses

OK
Geometry

Dinamic
nstructions GDD

proofs
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GeoGebra
GLCL

JGEX

JGEX

(GDD proof)







